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Abstract
We show that there exist solutions to the semi-classical gravity equations in de
Sitter spacetime sourced by the renormalised stress-energy tensor of a free Klein-
Gordon field. For the massless scalar, solutions exist for every possible value of the
cosmological constant, provided that the curvature coupling parameter is chosen
appropriately. In the massive case, imposing Wald’s axioms for the renormalised
stress-energy tensor, the mass of the field and the curvature coupling constraint the
allowed values of Λ. For a massive, minimally coupled field, a “small Λ” solution
is found, fixed by the relation m2 ≃ 4.89707 × 1012Λ. We emphasise that in this
framework, the old cosmological constant problem in its standard formulation plays
no roˆle, in the sense that there are no bare-vs-physical values of Λ, for only the
physical Λ appears in the semi-classical equations, and the value that it is allowed
to take is fixed or restricted by the equations themselves. We explain that there is
an important relation between the cosmological constant problem and the violation
of Wald’s stress-energy renormalisation axioms.
1 Introduction
The standard model of cosmology, ΛCDM, is currently the most successful theoretical
model for explaining the evolution of the universe as a whole from the CMB epoch to
the current era. While there is no doubt about its phenomenological success, it has
left room for several puzzles in theoretical physics, including the so-called cosmological
constant problem.
The old cosmological constant problem is in its standard formulation a natural-
ness one, which posits that some bare cosmological constant, Λbare, of the order of the
∗
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very large energy density of the quantum fields of matter, should be renormalised with
exquisite precision to the small, positive value that we observe, Λren. See e.g. the
excellent references [1, 2, 3].
In this letter, we study the semi-classical gravity equations in de Sitter spacetime
for a free Klein-Gordon field. On the one hand, this is an interesting problem in its own
right in the sense that few exact semi-classical gravity solutions are known. The author
is aware of [4], in which cosmology with a massive Klein-Gordon field with ξ = 1/6
exhibits a de Sitter phase. Due to the isometries of de Sitter spacetime, we are able to
show the existence of a large number of solutions parametrised by the mass parameter
of the Klein-Gordon field, m2, and the curvature coupling parameter, ξ. On the other
hand, the cosmological constant puzzle can be most naturally framed in the setting
of semi-classical gravity, without necessarily making reference to Minkowskian mode
expansions or energy cut-offs as in the classical statement on the problem [1, 2, 3],
while also offering interesting insights on the puzzle, including its connection with the
violation of Wald’s stress-energy renormalisation axioms.
In the semi-classical setting, as we shall see below, bare and renormalised quantities
for Λ simply do not appear in the same way that the bare stress-energy tensor plays no
roˆle in the equations. Instead, Λ should take values that are consistent with solutions to
the semi-classical Einstein field equations. The point that we shall make below, in the
context of a simple Klein-Gordon model, is that in some cases the values of Λ is highly
restricted, and sometimes uniquely determined (up to renormalisation ambiguities), in
terms of the parameters of the Klein-Gordon field, m2 and ξ. Moreover, as we shall see,
while the value of Λ will be necessarily proportional to m2 (in the massive case), the
proportionality factor can account for several orders of magnitude in difference between
the two parameters. In particular, in the case of a massive, minimally coupled field, one
finds an interesting solution that fixes the ratio m2/Λ ∼ 1012. This framework offers
an interesting perspective to address the cosmological constant puzzle, by studying the
semi-classical Einstein equations in a realistic model of our universe – FLRW spacetime
with the Standard Model of Particle Physics as matter content.
On this tone, we should clarify that an aim of this paper is not to obtain the value
for the cosmological constant observed in our universe, but we do argue that in the
framework of the semi-classical Einstein field equations, and imposing Wald’s stress-
energy renormalisation axioms, its peculiar, small, observational value is not at odds
with any estimated would-be, large, unrenormalised value.
This letter is organised as follows: After this introduction, in Sec. 2 we briefly
review the elements of semi-classical gravity. In Sec. 3 we specify to the problem of
a Klein-Gordon field in de Sitter spacetime. An analysis of the ambiguities is made,
where we show that some of them can be fixed in de Sitter, both algebraically and by
imposing Wald’s axioms. In Sec. 4, exploiting the symmetries of de Sitter, we show
that there exists solutions to the problem stated in Sec. 3, and that for such solutions
the cosmological constant will (almost always and modulo ambiguities) be restricted to
specific values in terms of the m2 and ξ parameters of the Klein-Gordon field. Our
final remarks are made in Sec. 5, including comments on the old cosmological constant
problem, and its relation to Wald’s renormalisation axioms of the stress-energy tensor
[5].
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2 Semi-classical gravity preliminaries
We wish to obtain solutions to the semi-classical Einstein field equations for a quantum
Klein-Gordon field in de Sitter spacetime. The semi-classical gravity equations are
Gab +Λgab = 8πGN〈Ψ|TˆabΨ〉, (2.1a)
(−m2 − ξR)Φˆ = 0, (2.1b)
where the classical geometry is sourced by the renormalised quantum stress-energy tensor
of the matter field. Here, Λ > 0 is the cosmological constant.
The quantum Klein-Gordon field is an operator-valued distribution, f 7→ Φˆ(f), for
f ∈ C∞0 (M), which is densely defined on the relevant Fock space of the theory, Φˆ(f) :
D ⊂ H → H . The set of field observables generates a unital operator ∗-algebra,
AKG, generated by smeared fields and subject to the following relations: for f, g ∈
C∞0 (M), (i) f 7→ Φˆ(f) is linear, (ii) Φˆ(f)∗ = Φˆ(f) the field is self-adjoint, (iii) Φˆ(( −
m2 − ξR)f) = 0, the field equation (2.1b) holds by integration by parts twice and
(iv) [Φˆ(f), Φˆ(g)] = −iE(f, g)1 the field satisfies commutation relations, where E =
E− − E+ is the advanced-minus-retarded fundamental Green operator of the Klein-
Gordon operator −m2 − ξR.
The discussion on how to compute the renormalised stress-energy tensor that appears
on the right-hand side of (2.1a) is a well-trodden path for the Klein-Gordon field. Our
purpose is therefore to give a short, non-exhaustive review and we refer the reader to the
classical literature [5] for the details.1 The classification of renormalisation ambiguities
(subject to some regularity criteria), which plays a key roˆle for semi-classical gravity,
was laid out in [10, 11, 12, 13].
The starting point is computing the two-point function in a Hadamard state, Ψ,
which in a geodesically convex subset, O ⊂ M , in which σ(x, x′), the half-squared
geodesic distance is well defined, takes the Hadamard form
G+(x, x′) =
1
8π2
[
∆1/2(x, x′)
σǫ(x, x′)
+ v(x, x′) ln
(
σǫ(x, x
′)/ℓ2
)
+ w(x, x′)
]
. (2.2)
Here, σǫ(x, x
′) = σ(x, x′) + 2iT (x, x′)ǫ + ǫ2 is the regularised half-squared geodesic
distance, ∆ is the van Vleck-Morette determinant and v and w are smooth bi-functions
computed as a covariant Taylor series in powers of σ through the Hadamard recursion
relations, obtained by demanding that G+(x, x′) be a solution of the Klein-Gordon
equation in the x-variable, provided that an intial value w0 for the O(1) term in the
w-series is prescribed. The initial values of u and v are determined geometrically, and
independent of the quantum state. The datum w0 is state dependent.
The renormalised stress-energy tensor is obtained by acting with a differential two-
point operator on the singularity-subtracted two-point function, the smooth bi-function
1The interested reader might also look at [6, 7, 8, 9].
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defined by G+reg(x, x
′) = G+(x, x′)−Hℓ(x, x′), where
Hℓ(x, x
′) =
1
8π2
[
∆1/2(x, x′)
σǫ(x, x′)
+ v(x, x′) ln
(
σǫ(x, x
′)/ℓ2
)
+ wHad(x, x′)
]
. (2.3)
is the Hadamard parametrix, with ℓ a fixed length scale and wHad as the w smooth
bi-function obtained from the initial value w0 = 0. We define the renormalised stress-
energy tensor by
〈Ψ|Tˆab(x)|Ψ〉 = lim
x′→x
Tab
[
G+reg −
1
8π
gabv1(x, x
′)
]
+Θab(x), (2.4a)
Tab = (1− 2ξ)ga b′(∇a)(∇b′) +
(
2ξ − 1
2
)
gabg
cd′(∇c)(∇d′)− 1
2
gabm
2
+ 2ξ
[
− ga a′gb b′∇a′∇b′ + gabgcd∇c∇d + 1
2
Gab
]
, (2.4b)
where derivatives with primed and unprimed indeces are evaluated at the points x′ and
x respectively. In eq. (2.4), gab′ denotes the bi-vector of parallel transport from x to
x′, with the condition limx′→x gab′ = gab [14], the term [v1]c(x) = limx′→x v1(x, x
′), i.e.
the diagonal of the v1 coefficient in the Hadamard series of v, is given by [8, 9] [v1]c =
lim
x′→x
v1(x, x
′) = 18m
4 + 14
(
ξ − 16
)
m2R− 124
(
ξ − 15
)
R + 18
(
ξ − 16
)2
R2 − 1720RabRab +
1
720RabcdR
abcd, and Θ is an ambiguous, geometric, covariantly conserved, symmetric
tensor of dimension of lenght to the minus fourth power, built out of the metric and
its derivatives, which has been classified in [10, 11, 12]. For conformally-coupled fields,
[v1]c is responsable for the trace anomaly [8].
As a final word for the section, notice that [v1]c spoils the second order, hyperbolic
form of the semi-classical system (2.1). This is a well-known problem in semi-classical
gravity. However, as we shall see below, in the symmetry-reduced case of de Sitter
spacetime, this problem does not occur.
3 Semi-classical gravity in de Sitter spacetime
The metric tensor for the (3 + 1)-dimensional de Sitter spacetime has the form g =
(α/η)2(−dη2 + dx2 + dy2 + dz2), with α2 = 3/Λ. Eq. (2.1b) has been studied in de
Sitter spacetime in [15] by exploiting the spatial symmetries of the problem, whereby
the wave equation reduces to an ODE for the temporal part that can be brought to a
Bessel equation form. The quantum fields can be concretely represented as operators in
the Hilbert space, HBD as,
Φˆ(η, x) = (2π)−3/2
∫
d3k
(
ψke
ik·xaˆk + ψke
−ik·xaˆ∗k
)
, (3.1a)
ψk(η) = α
−1(18π)1/2η3/2H(2)ν (kη), ν
2 = 9/4 − 12(m2/R+ ξ). (3.1b)
Annihilation operators annihilate ΩBD ∈ H , the Bunch-Davies vacuum, which is
cyclic in the sense that the set of vectors obtained from acting with all operator algebra
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elements contained in AKG on the vacuum ΩBD forms a dense subspace of the Fock space
H . Creation and annihilation operators act in the usual way on Fock space elements,
see e.g. [5, App. A.3].
The two-point function, which characterises the Bunch-Davies vacuum (as it
is quasi-free), can then be obtained directly as a sum over modes, G+(x, x′) =
(2π)−3
∫
R3
d3k ψk(η)ψk(η′)e
ik·(x−x′), and it admits a closed form expression in terms of
hypergeometric functions
G+(x, x′) =
sec
[
πν(1/4− ν2)]
16πα2
F
[
3
2
+ ν; 2; 1 +
(η − η′)2 − |r − r′|2
4ηη′
]
. (3.2)
We should mention that, in the algebraic approach to quantum field theory, the
(algebraic) state is defined by all its n-point functions, as well as a normalisation and
a positivity requirements. The concrete operators on a Hilbert space representations
are obtained via the GNS construction. For vacuum states, all n-point functions are
reconstructed from the two-point function – they are quasi-free. Hence, eq. (3.2) can be
taken as the definition of the Bunch-Davies vacuum and the starting point of quantum
field theory in de Sitter spacetime, together with the abstract Klein-Gordon algebra.
In [15] the point-splitting and renormalisation of the stress-energy tensor in the
Bunch-Davies vacuum has been performed with the aid of DeWitt-Schwinger, rather
than Hadamard expansions (cf. Sec. 2). The two renormalisation methods are well
known to be equivalent. See in particular [16] for a detailed discussion. The results
reported in [15] are tantamount to performing the Hadamard renormalisation at the
fixed scale ℓ2 = m−2, yielding
〈ΩBD|TˆabΩBD〉 = gab
(8π)2
{
m2
[
m2 + (ξ − 1/6)R] [ψ (3/2 + ν) + ψ (3/2 − ν)
−ln (12m2/R)]− 1
2
(ξ − 1/6)2R2+ R
2
2160
−m2(ξ − 1/6)R− m
2R
18
}
+Θab, (3.3)
where ψ is the digamma function, defined by z 7→ ψ(z) = Γ′(z)/Γ(z), where Γ is the
Gamma function. In ref. [15] the ambiguity term, Θab, is ignored, but we have restored
it, as it will play an important roˆle in the ensuing discussion.
3.1 Stress-energy tensor ambiguities
The tensor Θab has ambiguity terms coming from two sources. First, changing the
natural renormalisation scale ℓ2 = m−2 to some arbitrary scale ℓ2 = µ−2, one has a scale
ambiguity contribution, Θ
m2/µ2
ab . Second, from the classification of allowed ambiguous
terms discussed in [10, 11, 12], one has an additional Θclasab . The total contribution to
the ambiguity tensor is therefore Θab = Θ
m2/µ2
ab +Θ
clas
ab .
Let us first discuss the ambiguity term Θ
m2/µ2
ab . As we have said, for the massive
scalar field, in obtaining eq. (3.3), the natural choice of Hadamard parametrix has been
made with ℓ2 = m−2. Notice, that in the massless case the Hadamard parametrix con-
tains no ambiguities, and hence the stress-energy tensor vanishes in Minkowski spacetime
identically.
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We henceforth treat the renormalisation scale as an arbitrary one for the massive
field, ℓ2 = µ−2, and subtract the Hadmard parametrix Hµ−1 , cf. eq. (2.3), yielding an
additional term on the right-hand side of eq. (3.3), cf. [9, eq. (110)], given by
Θ
m2/µ2
ab =
ln(m2/µ2)
2(2π)2
gab
(
1
8
m4 +
1
2
(
ξ − 1
6
)
m2Λ
)
. (3.4)
We now dicuss the contribution Θclasab . In agreement with local covariance,
stress-energy conservation, correct scaling properties, as well as other regularity
criteria, the ambiguity term Θclasab has the form Θ
clas
ab = α1
(−12gabR2 + 2RRab) +
α2
(
2Ra
cRcb − 12gabRcdRcd
)
+ α3m
2Gab + α4m
4gab, where the αi : ξ 7→ αi(ξ), i =
{1, 2, 3, 4}, are renormalisation ambiguities that will depend on ξ. Trivial dependence
means that the αi are constants. That Θ
clas
ab must be of this form is implied by the re-
sults in [13], see in particular Remark (3) towards the end of Sec. 5.1 of that reference,
and the general form2 of this ambiguity had been suspected to be as shown in [13] at
least since the late seventies [8].
In constant curvature spacetimes, the terms that accompany the coefficients α1 and
α2 can be seen to vanish algebraically because Rabcd = (Λ/3)
2(gacgbd − gadgcb). One is
therefore left with
Θab = gab
[(
ln(m2/µ2)
(8π)2
+ α4
)
m4 +
(
ln(m2/µ2)
(4π)2
(
ξ − 1
6
)
− α3
)
m2Λ
]
, (3.5)
3.2 Wald’s stress-energy renormalisation axioms
We take the viewpoint that the stress-energy tensor for the Klein-Gordon field in de
Sitter should satisfy Wald’s axioms [5]. This will help fix certain ambiguities coefficients
in Θab. The axioms are: (i) If Ψ1 and Ψ2 are Hadamard state vectors, then 〈Ψ1|TˆabΨ1〉−
〈Ψ2|TˆabΨ2〉 ∈ C∞(M). (ii) Local covariance. (iii) If Ψ is a Hadamard state vector,
∇a〈Ψ|TˆabΨ〉 = 0. (iv) In Minkowski spacetime 〈ΩM|TˆabΩM〉 = 0.
Axioms (i) - (iii) are satisfied by construction. Axiom (iv) can be imposed in the
following way. In the Λ→ 0+ limit, the renormalised stress-energy tensor reduces to
0 = 〈ΩM|TˆabΩM〉 = lim
Λ→0+
〈ΩBD|TˆabΩBD〉 =
(
ln(m2/µ2)
(8π)2
+ α4
)
m4gab. (3.6)
Hence, Θab has the explicit form Θab = −αµ(ξ)m2Λgab/(8π)2, where we have set
αµ(ξ) = (8π)
2
(
α3(ξ)− ln(m2/µ2)
(
ξ − 16
)
/(4π)2
)
.
4 Existence of solutions in de Sitter spacetime
We now seek solutions to eq. (2.1). Due to the large symmetry of the problem, the
task is reduced to solving an algebraic relation. In turn, this relation will provide the
admissible values for Λ in terms of the parameters of the Klein-Gordon field theory, m2
and ξ.
2Since we are interested in de Sitter spacetime, we have ommitted the terms that appear as derivatives
of the curvature.
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4.1 The massless case
In the massless case, m2 = 0, there are solutions for any Λ > 0 provided that ξ takes
the values ξ+ = 1/6 + (1080)
−1/2 or ξ− = 1/6− (1080)−1/2.
4.2 The massive case
For the massive case, set x = m2/(4Λ). The solutions lie at the roots of the function
fξ : R
+ → R defined by
fξ(x) = ψ (3/2 + ν(x)) + ψ (3/2 − ν(x))− ln (12x)
+ [x+ (ξ − 1/6)]−1
[
1− 1080(ξ − 1/6)2
2160x
− ξ + 1
9
− αµ(ξ)
4
]
, (4.1)
where ν is the complex-valued function ν(x) = (9/4− 12(x + ξ))1/2. There are three
relevant cases of interest: (i) For 3/16−ξ < x, ν(x) is purely imaginary, (ii) for 3/16−ξ =
x, ν(x) = 0 and (iii) for 3/16 − ξ > x, ν(x) is real.
4.2.1 Case (i) x ∈ R+ ∩ (3/16 − ξ,∞)
In this case, we choose the square root branch such that ν(x) = i (12(x + ξ)− 9/4)1/2.
Set y = 12(x+ ξ)− 9/4, then we need to find the roots of gξ(y) = g1(y, ξ) + g2(y, ξ) for
y > 0 and ξ < y/12 + 3/16, where
g1(y, ξ) = ψ
(
iy1/2 +
3
2
)
+ ψ
(
3
2
− iy1/2
)
− ln
(
−12ξ + y + 9
4
)
(4.2a)
g2(y, ξ) =
48
4y + 1
(
+
360(1 − 3ξ)ξ − 29
45(−48ξ + 4y + 9) +
1
9
− ξ − αµ(ξ)
4
)
. (4.2b)
The course of action is to analyse the parameter space that allows for roots of gξ to
exist by examining the behaviour of the functions g1 and g2.
Let us begin by analysing g1. At fixed y, g1 is an increasing function of ξ in the
relevant domain. It follows from lemma 1 in appendix A that the function g1 is bounded
as follows
|g1(y, ξ)| ≤ 3
y + 9/4
+
∣∣∣∣ln
(
y +
9
4
)
− ln
(
−12ξ + y + 9
4
)∣∣∣∣ . (4.3)
It follows from bound (4.3)3 and by studying the definition of g1, eq. (4.2a), that
for ξ 6= 0 at large values of y, the sign of g1 is sgn(g1) = sgn(ln(y + 9/4) − ln(−12ξ +
y + 9/4)). This implies that as y → ∞, g1(y, ξ) = O(1/y) and the limit is approached
logarithmically fast for ξ 6= 0 and polynomially fast for ξ = 0.
For g2, defined by eq. (4.2b), the sign of the function depends on the ambiguous
3In fact, it seems to us from numerical analysis that it can be shown that ψ(z) + ψ(z) < ln(zz), but
we haven’t been able to provide an analytic argument.
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function αµ. First, notice that g2 has a pole at
yr =
2160αµξ − 405αµ + 4320ξ2 − 1140ξ + 64
20(9αµ + 36ξ − 4) , (4.4)
and hence we exclude this point from the ensuing analysis. Also, at fixed ξ, |g2| is a
strictly decreasing function of y bounded as |g2(y, ξ)| ≤ A/y2 + B/y, with A,B ∈ R+,
and hence as y → ∞, g2 = O(1/y), and the limit is approached polynomially fast.
Further, at large y, y ≫ 1, it holds that sgn(g2) =sgn(1/9 − ξ − αµ(ξ)/4), and for
|αµ| < | − 4ξ +4/9|, sgn(g2) =sgn(1/9− ξ). In particular, in this case, g2 > 0 if ξ < 1/9
and g2 < 0 if ξ > 1/9 for y ≫ 1.
It follows from the bounds (4.3) and the behaviour of the function g2, eq. (4.2b),
that at fixed ξ the curves defined by y 7→ g1(y, ξ) and y 7→ −g2(y, ξ) may intersect in the
relevant domain, and hence gξ has roots, which are in turn identified with semi-classical
solutions in de Sitter spacetime.
From this point, a numerical analysis can be carried out to find solutions. In partic-
ular, for |αµ(ξ))| < 4/9, the minimally coupled field, ξ = 0 falls in the case g1(y, ξ) < 0
and g2(y, ξ) > 0. We illustrate this particular case with αµ = 0 for concreteness.
In this case, one finds that yroot ≈ 1.46912 × 1013 with an error term ∼ 1014, with
g(yroot) ≈ −9.23706 × 10−14. This yields in turn that
m2 ≃ 4.89707 × 1012Λ, for ξ = 0, αµ(ξ) = 0. (4.5)
We wish to emphasise that different values for αµ and ξ will generally yield roots
that fix the cosmological constant at different values.
4.2.2 Case (ii) x = 3/16 − ξ > 0
In case (ii), the curvature coupling is restricted to ξc = 3/16 − x and we have to find
the roots of
fξc(x) = +24x+
17
1440x
− log(12x)− 8
3
+ 2ψ
(
3
2
)
− 12αµ(3/16 − x) (4.6)
for x > 0. The existence of roots for fξc strongly depends on the ambiguous function,
αµ. For concreteness, we wish to explore constant-αµ solutions. Hence, we set αµ ∈ R.
First, notice that limx→0+ fξc(x) → +∞ and limx→∞ fξc(x) → +∞. Second,
analysing the first and second derivatives of fξc , one can verify that a minimum is
located at x = xmin = 1/720(15 + 4
√
(30)), and we have that f(xmin) = −12αµ +
4
√
2
15 +
4
3 − 2γ + log
(
1
68
(
4
√
30 − 15)), where γ is Euler’s gamma.
Hence, there exist solutions to the semi-classical equations if 12αµ ≥ 4
√
2
15 +
4
3 −
2γ + log
(
1
68
(
4
√
30− 15)). In the case of equality, there is exactly one solution at with
m2 = 4xminΛ. Otherwise, for each value of αµ such that 12αµ > 4
√
2
15 +
4
3 − 2γ +
log
(
1
68
(
4
√
30 − 15)), there are exactly two solutions, one with m2 < 4xminΛ and one
with m2 > 4xminΛ.
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4.2.3 Case (iii) 0 < x < 3/16 − ξ
Set z = −12(x+ ξ) + 9/4 and define for z ∈ R+ ∪ (−12ξ,−12ξ + 9/4)
h(z, ξ) = ψ
(
3
2
−√z
)
+ ψ
(
3
2
+
√
z
)
− log
(
9
4
− z − 12ξ
)
+
(
1
12
(
9
4
− z
)
− 1
6
)
−1
(
1− 1080 (ξ − 16)2
2160
(
1
12
(
9
4 − z
)− ξ) + 19 − ξ − αµ4
)
(4.7)
It follows from the roots and poles of the digamma function, which is holomorphic
on C\ − N0, and for which countably many roots exits on the negative axis between
the poles, that for sufficiently large, negative ξ there are several roots for h that define
solutions to the semi-classical problem, which can be explored numerically, and in turn
fix the admissible values of Λ in terms of m2 and ξ.
5 Final remarks
We have proposed that, when taking the semi-classical Einstein field equations coupled
to quantum matter seriously, the value of the cosmological constant will be determined
by the field equations in terms of the parameters of the theory – the mass and curvature
coupling in the case of the Klein-Gordon field – up to well-known ambiguities. In
this sense, the “very-small” observed cosmological constant of the universe should be
constrained by the semi-classical field equations sourced by the stress-energy tensor of
the standard model of particle physics, pressumably on a FLRW background to a good
approximation, similarly to what occurs in the models that we have studied.
In our Klein-Gordon model, the common folklore that the “bare” value of the cos-
mological constant must have a very large contribution from quantum fields that is then
cancelled by a fine-tuned counterterm to yield a small “renormalised” cosmological con-
stant plays no roˆle in the calculations. Indeed, if one wishes to interpret our results in
terms of bare and renormalised quantities, one could interpret semi-classical gravity as
providing the renormalised Λ = Λren directly. Much like the bare (formally diverging)
stress-energy tensor, the bare cosmological constant plays no roˆle in the semi-classical
gravity equations. Hence, from this viewpoint, the old cosmological constant problem in
its standard formulation [1] is not present, cf. the second paragraph in the Introduction.
Further, this letter provides counter-evidence that one could estimate the value of Λ to
be large. As we exemplified in Sec. 4, for massless fields, the cosmological constant can
take any positive value, while for a massive, minimally-coupled field we have the ratio
m2/Λ ∼ 1012.
In reaching these conclusions, Wald’s renormalisation axioms for the stress-energy
tensor play a crucial roˆle. Indeed, if the fourth axiom is not imposed, the right-hand side
of eq. (3.6) need not vanish, and one is left with an expression that is quite familiar in
the literature of the cosmological constant problem, cf. [3, Eq. (89) and (96)] up to the
ambiguous term proportional to α4. This leads to an important change in the analysis
of solutions. Consider the massive case (i). In this case, g2 will not asymptote to zero as
y →∞, but to a constant, changing importantly our results. In any case, in view of [3,
Eq. (89) and (96)] and of our results, it is clear that the cosmological constant is pure
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ambiguity in the framework of [3] and that the semi-classical equations can partially fix
this ambiguity.
The above observations connect the cosmological constant problem, in the sense of
the vacuum energy yielding a large contribution, with the violation of Wald’s stress-
energy renormalisation axioms.
We have not mentioned anything so far about the new cosmological constant problem
(see e.g. [2, Sec. 2.3]), as this is an interacting theory problem. For addressing such a
matter, perhaps modern techniques of perturbation theory in curved spacetimes should
be useful [17].
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A A lemma for the digamma function
Lemma 1. Let z ∈ C, such that a = ℜz > 0 and let b = ℑz. The following bound holds
for the digamma function, ψ : C→ C,
|ψ(z) + ψ(z)− ln(zz)| ≤ 2a
a2 + b2
(A.1)
Proof. Using the representation ψ(z) = ln z +
∫
∞
0 dt
(
1
t − 11−e−t
)
e−tzdt, we have that
ψ(z) + ψ(z) = ln(zz) +
∫
∞
0 dt
(
1
t − 11−e−t
) (
e−tz + e−tz
)
dt. Rearranging e−tz + e−tz =
2e−at cos(bt) and using the inequalities −1 ≤ 1/t − 1/ (1− et) ≤ −1/2 for t ∈ R+, one
can write
∣∣∣∫∞0 dt (1t − 11−e−t) (etz + etz) dt
∣∣∣ ≤ 2 ∣∣∫∞0 dt e−at cos(bt)dt∣∣. The integral on
the right-hand side can be evaluated directly, yielding∣∣∣∣
∫
∞
0
dt
(
1
t
− 1
1− e−t
)(
etz + etz
)
dt
∣∣∣∣ ≤ 2aa2 + b2 , (A.2)
which yields the desired result.
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